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I. INTRODUCTION

Let Xl, Xz. veey xn be independent, identically-distributed random
variables. Then Yy < Yy <... & Y,» where the Y. 's are the X,'s rearranged

in order of increasing magnitudes, are defined to be the order statistics
corresponding to the original random sample. Order statistics find
immediate application in the design and evaluation of logical structures
which make decisions based on the relative values assumel L, a set of n
random variables. One particularly interesting appii.~-ion involves the
determination of time windows for firing impulses in a fuzing system.
This is the problem which motivated the work on which we are reporting.
However, the work is general in nature and may prove useful for othar
applications in the armament research and development community,

II. STATEMENT OF THE PROBLEM

In the particular problem which we addressed, a fuze contains N detonators,
K of which must function within a specific time span, Furthermore, the second
detonator (which functions at time Yz) partitions the time span into two sub-

intervals. The first subinterval [Yz- 61, YZ] is examined to determine if the

first detonator functioned within that time segment, and the second subinterval
[Yz, Y2 +‘62] is monitored to count the number of additional detonators activated

during that period of time., If, within the time interval [Yz - 61, Y2 + 62],

K detonators have functioned, then the command to fire will be initiated;
otherwise, it will not. The times to function for the detonators are random
variables and, as such, can be characterized by a cumulative distribution
function F. Assuming that the time to function of each detonator is identi-
cally distributed, then the problem consists of expressing the probability
of fuzing as a function of K, N, 61, 62, and F.

III. SOLUTION

Let X, be the time to function of detonator i in its operating environ-
ment, Then xl. Xz, veuy XN are independent, ide: tically-distributed random
variables; and we can define Yl' Y2, oy YN to ve the order statistics
corresponding to the Xi's. For our problem, if Y2 - Yl < 61, we are interested
in the probability that YK - Y2 < 62; howevgr, if Y2 - Yl > 61, we need to
determine the probabi{ity thqt YK*I.' Y2 < 62 assuqinglx + 1 € N. Therefore,
we need to evaluate )

Pr {warhead fuzing} = Pr {v, - Y, €&} Pr v, - ¥, <5, | Y, - ¥, <8}
+Pr{Y, - Y; > §1} Pr {YK+1-Y2<62|Y2-Y1>61} . (6]
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Applying the definition of conditional probability we obtain

Pr {warhead fuzing} = Pr {Y, - Y, &1} Pr {Y - Y, <§;and Y, - Y, < §,)

Pr {Yz -Y, < 61}

which upon simplifying yields
Pr {warhead fuzingl = Pr {YK -Y,€8,and Y, - Y, < 61}
+PriYy -Y,<68 andy,-Y > 8} (3)
Defining
a
F(a) = [ £(x)dx, (4)

we can proceed to evaluéte the first term on the right-hand side of
BEquation 3. As shown in Appendix A we can obtain the joint probability
density function of the 1st, 2nd, and Kth order statistics,

£yys Yo Y0 * TRERINRIT £00) £0) [ROrg) - Foy ™

¢ f()'x) [1 = F(YK)]N’K

(5)
If we let u = Yg = Yoo V" Yy = ¥y and w = Yy then we can rewrite Equation 5,

£u,voW) = TR ReRIT £ Evew) [Flusvan) = Beva)] 3

o flutvew) [1 - F(u+v+W)]N"K. (6
and the desired probability is

= 81,8
f Io Io f(u,v,w) du dv dw (7)

which is equal to

[




NI 1y % 82 K-8
It wemTET [ W ], £ §,2 [Pusvew) - Fivew)]

o flusvew) [1 - F(u-rv-n«)]N'|< du dv dw . (8)

In an analogous manner we can obtain the joint probability density
function of the 1st, 2nd, and K+lst order statistics; and, letting
Us e~ Y VeEYy-"y and w = Yy» we can obtain the necessary

probability for the second term on the right-hand side of Equation 3.
That probability is equal to

* 400 §
Iy =TT L f00 [ gt [ e - poen]
1

o Flusvew) [1 - F(1.1+v+v~')]r‘l_x'1 du dv dw, (9)

The probability of fuzing is then just the sum of Bquation 8 and Equation 9.

Appendix B contains a computer program which evaluates these inte-
grals., In its current form it assumes that the distribution of the
times to function of the detonators is normal; however, it can be easily
modified to change this distribution, The program requires as input N,
K, 61, 62, and ¢ (standard deviation of the assumed distribution).

IV. RESULTS

For the problem we addressed, the value for o was specified to be
10 ° seconds. PFigure 1 presents the results of changing 61 and 62 for a
fuzing system in which K is equal to N-1. In Figure 2 we considered a

fuze with eight detonators; and, keeping ¢ equal to 10'5, we varied K as
well as 61 and §,. Of course, given any four of the five input variables

(o, K, N, 61, and 62). we can obtain a specific probability of warhead
fuzing by parametrically varying the remaining variable.

-5

V. APPLICATION TO FUZE DESIGN

An important consideration is to determine optimal 61 and 62 based on

a specified v, K, and N and a desired probability of warhead fuzing. To do
this several factors must be considered. To maintain the relimbility of the
fuze it is necessary that the interval [Y2 - 61, Y, + 62] be sufficiently
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large to allow for the occurrence of K detonations. However, safety must
also be considered; and here it is desirable that the interval
[y, - 61, Y, + 62] be as small as possible to preclude the occurrence of

spurious detonations. These conflicting goals could be accomplished through
a solution to the following optimization problem:

Given g, K, and N, determine 61. 62 # 0 for which

61 + 62 is minimum subject to J1 + J2 » o (reference
Equation 8 and Equation 9) where o is the desired
probability of warhead fuzing.

Consideration of this problem is beyond the scope of this report. Here,
we will content ourselves with the determination of reasonable initial values
of 61 and 62 for use in the computer algorithm, Such values may then be

adjusted as required to obtain the desired probability of warhead fuzing.
For this purpose practical initial values for §, and §, would be B[Y, - Y,]

and B[Yy - Yz] respoctively, where E[.] is the expected value of a random
variable.

For the general case we can define Wps = Ys - Ypo and from consideration
of the material in Appendix A we obtain the probability density function

Elugg) = £lyg = vp) = Cpg /| FOON! £00)

CIRG + wgg) - OISR £0x 4 wpg)
L - Plxow w8 dx (10)

N1
where Cps * RDITBR-DT (N&T

To determine E[NRS] " B[YS - YR] we must evaluate

00

E[Wpg] = fo Wpg £(Wpg) dwpg. (11)

Therefore, we can obtain B[Y2 - YI] by evaluating

400 o0

BIW ] = Cyy [, {m Wiy 00 F(x + wpp)

o [1 - B(x + wlz)]N'z dx dw,,; (12)
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and in an analogous manner we can obtain E[YK - YZ] by evaluating

00 402
B[Wy] = Cpp fﬂ [ wy FlX) £(x)

¢ IRGx + g - FGOTES £0x + wyy)
+ [1 - P(x + wzx)]N'K dx dwyy - (13)

The pth quasi-range of N sample values is defined to be the range of
(N - 2p) values, omitting the p largest and the p smallest. For the special
case in which K = N-1, sz » YN-l - Y, becomes the first quasi-range; and

this distribution has been investigated and, to some extent, tabulated.
For example, H. Leon Harter* has provided the expected values of the first
quasi-range = Enﬂz N 1] for samples from a normal distribution with

, N-

mean zero and variance one and for values of N from four to one hundred.
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! APPENDIX A
DERIVATION OF THE JOINT PROBABILITY DENSITY PFUNCTION ?ﬁ

L
As shown by H, A. David, we can obtain the joint probability density
function for Yl, Y2, and YK' Let xl, xz, cvey xn be a random sample from )
a population with demsity £(x) = F'(x); and let Y;, Y,, ..., Y be the ;Q

corresponding order statistics. Then the probability density function for -ﬁ
the rth order statistic may be derived by considering the following config- }
uration: N
ﬂ 4

r-1 Nel ﬁ

Xi k+AX. §

—

That is, X, € x for r-1 of the Xip X < Xy < x + Ax for one X;, and
Xy > x+ Ax for the remaining n-r of the X;. The number of ways this

combination of events can occur is

PR R Bl FT T

nl
(r-1)1 11 (n-r)l ?

R

and each such way has probability

(F() )T [Px+dx) - FX)]Y 1 - POxea) )™ T,

Therefore, we have

n!

Pr {x < Y Sx+ Ax} = =1 —

e (RO TT [Rexeax) - FOOT [L - Flxsa) T 4 0(ax?) (A1)

where O(sz) means terms of order (Ax)2 and includes the probability
of realizations of x < Yr < X + Ax in which more than one xi is in

(x, x + Ax). Dividing both sides of Equation Al by Ax and then letting
Ax + 0, we obtain

i i G SRR T rp e

fy &) = Gyt P17 £ e (A2)

*David, H. A., Order Statistics, John Wiley and Sons, New York, 1970, Pp. 9-10,

15




In a similar manner we can derive the joint probability density
function of Y, and Y_:

r-1 s-r-] n-s

e+ AX yi ty+dy

and through an analogous argument we obtain

ni r-1
fYr.Ys(X.Y) " G-DT(E-x-1) T(n-8) | [R(x)]" " £(x)

BN (105 IO 163D Mkl 107 W AR 102} Lk (A3)
! Finally, for the joint probability density function of Y, Y., and Y, : E
S |
r-1 S.r=-l t-s-1 n-t |

X} x+AX Yl ly+Ay zl lz+Az

and

nl r-1
By vy, 0 T I TEE D (s Te-nT P £

c [F-F@13TY £ (FG)-P5 1S £(2) [1-RC2) 1™t (A4)
For the case r=]l, s=2, and t=k, we obtain

Y),0,,1, 50 TERTERT £ £0) -

£ 1
¢ R@-FMI*S £ Rk . (A5) |
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; APPENDIX B
COMPUTER PROGRAM

We are presenting here the computer program which evaluates the desired
! probability function. As noted in the program comments, we have assumed that
the times to function of the detonators are normally distributed with mean

ztero and variance 02. However, with just a few changes to the subroutines,

s different distribution may be assumed. To do this, all cards containing
"NORMAL" in columns 74 through 79 must be replaced by others with the approp-
riate probability density function or cumulative distribution function,

E

[y 2




PRUGRAM DE TUN (INPUT ¢OUTHU Ty TAPESSINAU T TAPEG®QU TPUT) |

LT YL P YL Pty J

THIS PROORAM DETEMMINES THE PROBABILITY THAT X OUT OF N
DETONATORS wiLlL FUNCTION WITWIN A GIVEN TIMESPAN, K MUY :
SE GREATER YHAN ON EGUAL TO 3+ AND K WUST BE LESS THAN OR :
CQUAL TO No THE DISTRIBUTION OF THEIR FUNCTIONING IS ASSUMED
TO GE OAUSSIAN WITh A4 MEAN RQUAL TO 0.0 AND A BTANDARD :
OEVIATION EQUAL TO SIGMA, THE SOLUTION 1S DERIVED THROUGM !
THE UST OF ORDER STATIBTICE AND IS OBDTAINED BY EVALUATING 2
A TRIPLE INTEORAL. C
1

IF THE NUMSER OF OETONATORS 18 OREATER THAN THIRTY,
THEN THE TOLEMANCE LIMITS OF THE INTEGRALS MUST BE REDEFINED. i
THAT [Se THE VARIABLE ¢ERROR! IN THE MWAIN ROUTINE AND THE | !
VARTAGLES 'TOLAoTOLYY IN BUBROUTINE 'DIST® SHOULD BE ADJUSTED, B
BlTH THE TOLERANCE LIMITS CURRENTLY IN THE PROGRANM,

THE RESULTING PRO.A'IL!TII! ARE CORRECY TO TwO DECIMAL PLACES.

INPUT 18 AS FOLLOWS qo0e
N ssecencsssngasees NUMBER OF DETONATORS
K snesesecesnsesese NUMBER OF DETONATORS TO FUNCTION
SIOMA sesvovssossee BTANDARD OEVIATION OF DISTAIBUTION
DELTY vovaconcesees TIMESNAN (FIRST TO SECOND NETONAYORS)
ODELT2 seovesssosane TIMESPAN (SECOND TO LAST DETONWTORS)

ARUAL NFACT KZFACToKIFACT JNKFACT oNKIFPACT
DIMENSION IERALS)

) COMMON /COM1/ NoKsSIOMA,OELT1 DELTR
COMMON /COMR/ PLoW
COMMON /COMA/ [ND !

EATEANAL DIST
DATA TERA /20 (<0} y0020(=0)/

CALL SYSTEMC (36¢ILRR)
CALL SYSTEMC (119+1ERR)
WRITE (4+200)

READ INPUT
INITIALIZE VARIABLES

S alAD (92100} NoKyRIOMAJDELT1DELT2
IF (KebTed 08, K,0T N} GO TO 18
tF (N «UT. 30) WRAITE (698000 N
IF (DELTL (0T, 10.,°S10MA) DELTIw]10.,°SIGMA
IF (DELTR 0T, 10.°SIGMA) DELT2u]10,0810MA
RES1s0Q,
RES2el,
PInd 141502653
NNEN/B e b

0 O 00000 OONONOOOOODOHODOD

(2]

[3 X2 X2 7)

18
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(s XeXq)

000

1
IF (N JEQ, 50) NN®12 iy
ERRORSL 0,5 (=NN) b4
AS=]0,310MA S |
Ame}0,°810MA y
EVALUATE TRIPLE INTEQRAL. é
IND» 4
PES] SQUANK (As8sERRORYRUMIDIST) i
IF (N JEQ. K) 00 TO 7 b
INDs2 ke
AES20SQUANK (A+8+ERAORIRUMLDIST) i
OETERMINE FACTORIALS g
7 CONTINUE ]
NPACTa] 1
K2FACTa}
KAFACTe)
NKFACTe]
NK1FACTS)
DO 10 IslyN
NFACTENFACTS
IF (1 JLEs (Ke=2)) KIFACTaK2FACTe]
IF (1 JLE. (Ked)) KIFACTuKIFACT®]
IF (1 JLE. (N=K)) NKFACTuNKFACT®L
EF (1 JLE; (NuKel)) NKIPACTaNKIFACTeL
¢ 10 CONTINUE
g COMPUTL AND WRITE PROBAQILITIES
PROBIWNFACT/ (NKFACTEKIFACT) *RES]
PROBIuNFACT/ (NKIFACTSK2FACT) *RES2
PROBEPROA] +PROS2
uﬂx;z 160300) NsKeSIOMASDELTIDELT2,PROE]PROBZPRON
60 T0 8
1S wRITE (64400) NoK
sTOP
¢

100 FORMAT (21943F20,7)
200 PORMAT (L1HLI/Z/)
J00 FORMAT (1M +AMN ® oJ243Xs6HK ® S [2:3X,8HEI0MA & oF1067+3Ny
AHDELT] & oF13.0+3Xs8HOELT2 ® F1S,8¢3X/1HO,
JTHPROBABILITY (1 THAQUAM K FUNCTION) ® oF10,671M o
IGHPAUBABILITY (2 THROUGH Kel FUNCTION) = 4FB8,6/1M
C2MPRORAAILITY (TOTAL) ® +¥28,6//77/)
400 l‘OﬂNAT (1R +JSHeseee INVALID VALUE OF N QR K eseea,3)x,

NN B 2 120IXsbkK B ]I2)
500 FORMAT (21W ®o0ee WARNING = N & 412,

SlHe CHEGCK THE TOLERANGE. LIMITS GF THE INTEQGRALS *#ess/yy)

ENO

[z X e ¥s)

19




FUNCTION DIST (W)

TS ROUTINE ElOV!O(S e L
A% sELL AS THE LIMITS OF IN

COMMON /QOMY/ NeKeSIOMACDELTL OELTR
COMMON /COM2/ Ploww
COMMON /R0Ma/ IND

EATERNAL FRXoFXY

OoOOOonOn

o

wisy

NNuUN/S 6

tF (N +EQ, 30) NN»}2

TOLAu]10,%® (=NN}

TOLYN1 0,28 (=NN)
Pﬂtﬂltol(IQI?(lc'ﬂl)'!lﬂﬂll'ExP(-l-

If (INO (EQ, 2) GO YO 8
DOwNul,
UruOELT)

60 T0 10
QOWNROELT]
UPed,S0ELT1
1f (DELTY b

CALL OBLINT (UOWNIUP s FUARIFRY o TOLRO T
OISTaPHIWGANS

RETURN

NN

10

SURROUTINE FAX (VeYlsY20 YD)

THIS ROUTINE 8ROVIDES TWE I
AS AELL AS THE LIMLTS OF IN

COMMON /COML/ NoKsSTOHACDELTLIDELTR
COMMON /COMR/ PRI
IH!VH!\-I(‘QRT(I.’P!i'810!&)'(!'1-!

OGO OOn

YinPHIVe
yand,
YinOELT2
RETURN
END

Nnao

20

NTEGRA
TEGRAT

NO FOR THE THIRD INTEGRAL
{ON POR THE SECOND INTEGRAL.

oused/ (2,0510MASD)) NORMAL

Te 10.S10MA) UPSL0,0STAMA

OLY ¢ ANS +RUM o RUMY M)

NTEGRAND FOR THE SECOND INTEORAL
TEGRATION FOR THE FIRET INTZORAL.

P(VOW) 00D/ (2,08 1ONARER) )

NORMAL,

2 JP?Vanm e




AT

R  HOrearp s s s

NnoONn

000

1%

FUNCTLION FRY (Vy)

THIS ROUTINE PROVIDES THE INTEGHAND FOR THE FIRST INTEGRAL.

COMMON /COML/ NaKsSIOMASOELTLDELTR2
COMMON /COMR/ PY W
COMMON /COM&/ IND

PHIUVYSL ./ (SQAT (R, 9P1) SETOMA) QCAP (=] @ (UsVol) 802/ (2, #5IGMARSR)) NORMAL
CAPVWEFND ((Veu) /7810MA) NURMAL
CAPUVNBFND ((UsVen) /SIOMA) NORMAL
IF (INO G, 2) GO TO 19

IF (N JEGq. 3) GO 70 2

IF (N LG, K) GO TO §

17 (x L,EQ, 3) G0 TO 10

PXYR (CAPYVW=CAPVY ) ®@{Ka]) *PHIUVW® {] ,=CAPUVW) ®o({N=K)
60 T0 23

FiYsPHlUVE

a0 T0 28
FRYR(CAPUVNCAPYY) %o (Kad) spn]IUVY
90 TO 28
PAYSPHIUVN® (] o =CAPUYW) ®¢ (NuK)

10 T0 23

GONTINUE

IF (N JEQ, (Kel)) GO TO 20
llV;éQA;UVU-CAPVHl'°|K~!)OPHIUVd'(l.-CAPUVHI°‘|N-K-13
Q0 2

FAY® (CAPUVN=CAPYY] #@ (KaR) *PHIUVY

RETUAN
END
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